Abstract. We give a new proof of a hypercontractivity theorem for the Mehler transform with a complex parameter, earlier proved by Weissler 15] and Epperson 4]. The proof uses stochastic integrals and Itô calculus. The method also yields new proofs of some related results.
Introduction
Let be the standard Gaussian measure (2 ) ?1=2 e ?x 2 =2 dx on R, and let h 0 (x), h 1 (x), : : : be the corresponding sequence of orthogonal polynomials (the Hermite polynomials). The Mehler transform M z , where z is a complex number with jzj 1, can be de ned by M z ?P 1 0 a n h n = P 1 0 a n z n h n ; since fh n g 1 0 is an orthogonal basis in L 2 Gross 5] and the many references given there. We will in this paper study the extension of Nelson's result to complex z.
The case of an imaginary z was studied by Beckner 1] , who showed that hypercontractivity holds for z = i p p ? 1 when 1 p 2 and q = p 0 , the conjugate exponent. (As shown by Beckner, this is by a change of variable equivalent to the sharp form of the Hausdor {Young inequality.)
General complex values of z were studied by Weissler 15] 
(The norms in (2) are the norms in H C and H 0 C , i.e. the L 2 -norms.) We observe that by combining (2) and the same inequality with replaced by i , it follows easily that kAk 2 p=q. In particular, our assumption kAk 1 follows from (2). Remark. A simple proof of Nelson's hypercontractivity theorem (z real) using Itô calculus was given by Neveu 12] . His proof is quite di erent from the one given here and does not seem to generalize to complex z.
Our method applies also to the case of two complex Gaussian Note that ' is continuous by dominated convergence.
We will show that t 7 ! '(1?t; t) is non-increasing on 0; 1]; thus '(0; 1) '(1; 0). Letting " ! 0, we obtain (using dominated convergence again) (6) , and the proof will be completed.
We now begin in earnest. First, as is well-known, Itô's formula shows that s 7 ! (The ltrations are, here and below, the ones de ned by X(s) and Y (t), respectively.)
Consider rst the case of xed s and X. By Itô's formula again, t 7 ! Q(s; t) and t 7 ! Q(s; t) q=2 are continuous semimartingales with dQ(s; t) = djF(s; t)j 2 = F(s; t)dF(s; t) + F(s; t)dF (s; t) + (11) which easily yields (1) (0), by induction on k and letting N ! 1. Our proof replaces the nite di erences by (Itô) di erentials, thus eliminating all higher order terms. (The proof in 4] is not quite complete, since the sets of`regular con gurations' de ned there do not have the asserted symmetry properties. A simple remedy, which yields (11) , is to use a di erent set of`regular con gurations' for each step in the induction.)
Proof of Theorem 3. The necessity of kAk p p=q follows as above, using k :e : k p = e pk k 2 =4 when is symmetric complex Gaussian. For su ciency, we argue as above, now letting X(t) and Y (t) be multi-dimensional complex Brownian motions (i.e., the real and complex parts are independent Brownian motions). This introduces minor di erences each time we apply Itô's formula;
we now obtain, for xed s and X, dQ(s; t) = djF(s; t)j 2 = FAG dY (t) + FAG dY (t) + 2jAGj 2 dt:
and eventually (leaving the details to the reader), instead of (7) 
